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Abstract: In this paper, we define the concept of fuzzy magic graphs. A fuzzy graph 𝐺 = {𝛼, 𝛽 } is said to be a fuzzy magic graph if 
there exist two injective functions 𝛼: 𝑉 →  [0;  1] and 𝛽 ∶  𝑉 × 𝑉 →  [0;  1] such that 𝛽(𝑢𝑣)  < 𝛼(𝑢) + 𝛼(𝑣) 𝑎𝑛𝑑 𝛼(𝑢) + 𝛽(𝑢𝑣) + 𝛼(𝑣)  =
 𝑚(𝐺) for all 𝑢, 𝑣 ∈ 𝑉 (𝐺), where 𝑚(𝐺)  ∈  [0;  1] is a fuzzy magic constant. Moreover, we investigate some families of fuzzy graphs 
like fuzzy paths, fuzzy stars and fuzzy cycles which are fuzzy magic graphs. 
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1. Introduction  
Fuzzy sets introduced by Zadeh in 1965 [1]. Fuzzy set theory is a very useful concept for uncertain situation in real life 
problems. While graphs theory first time used by Leonard Euler in 1736 to solve well known “The K¨onigsberg Bridge 
Problem”. Since then, graph theory used in different field of science and technology such that in chemistry to 
investigation the development of chemical bonds [2], decision making in the manufacturing engineering [3], it also help to 
better understanding the biological sciences [4], graph theory assist the scientist to examine the some problems in 
statistical physics [5], in 21th century Computer Science is used in almost every field but without graph theory it is not 
possible [6], graph theory also used in linguistics, social science etc. [7,8].  Some researcher independently introduced 
the concepts of fuzzy graph theory by merging the Fuzzy set and graph theory [9, 10]. There are many problems which 
may be solved by fuzzy graph theory. Here we discuss an example related industrial management, let us consider a 
company has five departments say  𝐃; 𝐃𝟏; 𝐃𝟐; 𝐃𝟑 and 𝑫𝟒, "𝐃" coordinates with all other departments. 
Company gets a project and wants to complete it within a specific time period. Due to this company wishes 
to allocate work load according to individuals (in a department) working abilities and size of departments. 
Due to difficulty arise in estimation of human working ability based on qualities, so as well for whole 
department. But in fuzzy conditions, any person or department working ability always lies within 0  1 . Hence 
fuzzy magic graph model helps the company to allocate the work load to complete the task within given 
time frame. In this model boxes represent the departmental work load, edges between boxes shows the 
share work load between coordinator and other departments.  
 
Following table represents % work done by each 
department and sharing work with D to complete task 
within specific time period. 
Dep. D D1 D2 D3 D4 
D.’s Work 33.33% 40% 46.67% 53.33% 60% 
Sharing  E1 E2 E3 E4 
S. ’s work  26.67% 20% 13.33% 6.67% 
Total work done by each department with sharing and coordinator 
must be 100% for completion of task = D+𝐷𝑖 + 𝐸𝑖  ;    𝑖 = 1,2,3,4 
 
In this paper section 1, include discussion about application of graph theory in different subjects. Section 2 contains 
some basic definitions while section 3 consists of some new definitions and theorems while the  last section gives the 
conclusion of the whole discussion.  All graphs used in this article are connected and finite. 
2 Preliminaries 
Firstly we talk about some definition and results detail can be seen in [9 - 15].   
Definition2.1: Let us consider 𝑿 be a universal set, then the set 𝑨 is called a fuzzy set in 𝑿 , if 𝑨 = {(𝑥, 𝑓𝐴 𝑥 )}, where 
𝑥 ∈ 𝑿 and 𝒇𝑨 𝑥 :𝑿 → [0, 1] is a function which is known as a membership function e. g.  if 𝑿 = {0,1,2,3,4}, then 
𝑨𝟏 = { 0,0.02 ,  1,0.03 , (2,0.05,  3,0.06 , (4,0.08)}, 𝑨𝟐 = { 0,0.01 ,  1,0.03 , (2,0.05,  3,0.07 , (4,0.09)} and 
𝑨𝟑 = { 0,0.00 ,  1,0.02 , (2,0.04,  3,0.06 , (4,0.08)} are three fuzzy sets in 𝑿 .  
 
Definition 2.2: If 𝑿 and 𝒀 are two sets and 𝝁 be a fuzzy set of 𝑿 × 𝒀 then 𝝁 is called fuzzy relation from 𝑿 into 𝒀. 
 
Definition 2.3: A fuzzy relation is said to be symmetric if 𝝁 𝒙, 𝒚 = 𝝁 𝒚, 𝒙  ∀ 𝒙, 𝒚 ∈ 𝑨  
 
Definition 2.4: A graph 𝑮(𝑽,𝑬) is a pair of vertex-set 𝑽(𝑮) and edge-set 𝑬(𝑮) such that 𝑬 𝑮 𝝐 𝑽 𝑮 × 𝑽(𝑮).  
In addition, 𝐯 =  𝑽(𝑮)   and  𝐞 =  𝑬(𝑮)  are order and size of the graph 𝐆 𝐕, 𝐄 . 
 
Definition 2.5: A fuzzy graph 𝐆 = {𝛕, 𝛗} with vertex-set 𝐕(𝐆) is a pair of two injective functions 𝛕: 𝐕 𝐆 → [𝟎, 𝟏] and 
𝛗: 𝐕 𝐆 × 𝐕(𝐆) → [𝟎, 𝟏] such that 𝛗 𝐮𝐯 <  𝜏(𝑢) × 𝜏(𝑉), ∀ 𝑢, 𝑣𝜖 𝑉 (𝐺), where 𝛕 𝐮  and 𝛕(𝐯) are called membership 
values of the vertices 𝐮 and 𝐯 respectively, and μ(uv) iscalled membership value of the edge uv. 
 
Definition 2.6: If 𝐆 = {𝛕, 𝛗} be a fuzzy graph then the degree of a vertex 𝐮 is 𝐝𝐆 𝐮 =  𝛗𝐮≠𝐯  𝐮𝐯 = 𝐞 , where 
𝛗 𝐞 > 0, ∀ 𝑒𝜖𝐸 and 𝛗 𝐞 = 𝟎, ∀𝐞 ∉ 𝐄. 𝛅 𝐆 =∧ {𝐝𝐆 𝐮 /𝐮 ∈ 𝐕} is called minimum degree of 𝐆 while maximum 
degree of  𝐆  is defined as 𝚫 𝐆 =∨ {𝐝𝐆 𝐮 /𝐮 ∈ 𝐕} . 
 
Rosenfeld, Bhutani, Battou and Bhattacharya [9,10,13] defied the concept of fuzzy graph for different families of 
graphs like: 
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Definition 2.7: A path 𝑃𝑛  with set of vertices 𝑉 𝑃𝑛 = {𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛 + 1} and set of edges 𝐸 𝑃𝑛 = {𝑣𝑖𝑣𝑖+1: 1 ≤ 𝑖 ≤
𝑛 + 1} is said to be fuzzy path if 𝜑 𝑣𝑖𝑣𝑖+1 > 0, ∀ 1 ≤ 𝑖 ≤ 𝑛, where 𝑛 is called the length of the path. A path 𝑃𝑛 is 
called a cycle 𝐶𝑛 with length 𝑛 if  𝑣1 = 𝑣𝑛+1 and 𝑛 ≥ 3. 
 
Definition 2.8: A star 𝑆1,𝑛 = {𝑣𝑢𝑖/1 ≤ 𝑖 ≤ 𝑛} is said to be fuzzy star if 𝜑(𝑣𝑢𝑖) > 0, ∀ 1 ≤ 𝑖 ≤ 𝑛 where 𝑢𝑖 ∈ 𝑈 and 𝑣𝜖𝑉 are sets 
of vertices such that  𝑉 = 1 and  𝑈 = 𝑛 ≥ 2. 
Nagoor et al. [16] defined the concept of fuzzy labeling as follow:   
Definition 2.9: A fuzzy graph 𝐺 = {𝜏, 𝜑} is said to be fuzzy labeling graph if membership values of all vertices and 
edges are different. 
 
 
 
 
 
 
Main work for discussion 
Definition: - A graph G= (𝛼 , 𝛽) is said to be a fuzzy magic graph if there exist two injective functions  𝛼: 𝑉 → [0  1] and 𝛽: 𝑉 × 𝑉 →
[0   1] with restricted the following conditions 
1. 𝛽 𝑢𝑣 < 𝛼 𝑢 + 𝛼 𝑣  
2. 𝛼 𝑢 + 𝛽 𝑢𝑣 + 𝛼 𝑣 = 𝑚 𝐺 ≤ 1,  
Where 𝑚 𝐺  is a real constant ∀ 𝑢, 𝑣 𝜖 𝐺 
Definition: A path "𝑷𝒏" is said to be fuzzy path if 𝛽 𝑒𝑖 > 0 for all 1 ≤ 𝑖 ≤ 𝑛, where  𝑛 is the length of"𝑷𝒏". 
Definition:  "𝑺𝟏,𝒏" is said to be fuzzy star if 𝛽 𝒗𝒖𝒊 > 0 for all 𝟏 ≤ 𝒊 ≤ 𝒏. Where 𝒗 ∈ 𝑽 and 𝒖𝒊 ∈ 𝑼 are set of vertices such that  
𝑂 𝑽 = 𝟏 and 𝑂 𝑼 = 𝒏 ≥ 𝟐 . 
Theorem 1: A fuzzy Path "𝑷𝒏" is a fuzzy magic graph. 
Proof: Let 𝑃𝑛 is a fuzzy path with length 𝑛 ≥ 1 defined on set of vertices  𝑉. 
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Figure 2. A Fuzzy Labeling Graph 
Case 1:   If "𝑷𝒏" has odd length then fuzzy magic labeling as follow: 
 
Case 2:   If "𝑷𝒏" has even length then fuzzy magic labeling as follow: 
= + 𝜎 𝑣𝑛  
𝑚(𝐺) can find as Case 1 
Theorem 2: A fuzzy star "𝑺𝟏,𝒏" is a fuzzy magic graph. 
Proof: Let "𝑺𝟏,𝒏" is a fuzzy star with 𝛽 𝒗𝒖𝒊 > 0 for all 𝟏 ≤ 𝒊 ≤ 𝒏. Where 𝒗 ∈ 𝑽 and 𝒖𝒊 ∈ 𝑼 are set of vertices such that  
𝑂 𝑽 = 𝟏 and  𝑼 = 𝒏 ≥ 𝟐 .  
  Fuzzy magic labeling for "𝑺𝟏,𝒏" is defined as follow: 
1. Labeling for odd vertices  𝛼 𝑣2𝑖−1 =  2𝑛 + 2 − 𝑖 𝑑 where 1 ≤ 𝑖 ≤
𝑛+1
2
 
2. Labeling for even vertices 𝛼 𝑣2𝑖 = 𝛼 𝑣𝑛 − 𝑖𝑑 where 1 ≤ 𝑖 ≤
𝑛+1
2
 
3. Labeling for edges  𝛽 𝑣𝑛+1−𝑖𝑣𝑛+2−𝑖 = 𝛼 𝑣𝑛+1 − 𝑖𝑑 where  1 ≤ 𝑖 ≤ 𝑛 
𝑑 =  
10−1                                                                                    𝑛 = 1
10−2                                                                        3 ≤ 𝑛 ≤ 27
10−3                                                                    29 ≤ 𝑛 ≤ 285
  10−(𝑖+4)          285 × 10𝑖 < 𝑛 < 285 × 10𝑖+1  𝑖 = 0,1,2 …
  
Where "𝒅"  is define as follow  
   𝑚 𝐺 
=     𝜎 𝑢 
+ 𝜇 𝑢𝑣 
+ 𝜎 𝑣   
To find 
the 
magic 
constant 
𝒎 𝑮  
one can 
use   
   𝑚 𝐺 =     𝜎 𝑢 + 𝜇 𝑢𝑣 + 𝜎 𝑣   
To find the magic constant 𝒎 𝑮  one can use   
=  
 + 
 
 
 + 𝜎 𝑣𝑛  
4. Labeling for odd vertices  𝛼 𝑣2𝑖−1 =  2𝑛 + 2 − 𝑖 𝑑 where 1 ≤ 𝑖 ≤
𝑛
2
+ 1 
5. Labeling for even vertices 𝛼 𝑣2𝑖 = 𝛼 𝑣𝑛+1 − 𝑖𝑑 where 1 ≤ 𝑖 ≤
𝑛
2
 
6. Labeling for edges  𝛽 𝑣𝑛+1−𝑖𝑣𝑛+2−𝑖 = 𝛼 𝑣𝑛 − 𝑖𝑑 where  1 ≤ 𝑖 ≤ 𝑛 
𝑑 =  
10−1                                                                                    𝑛 = 2
10−2                                                                       4 ≤ 𝑛 ≤ 28
10−3                                                                    30 ≤ 𝑛 ≤ 284
  10−(𝑖+4)          284 × 10𝑖 < 𝑛 < 284 × 10𝑖+1  𝑖 = 0,1,2 …
  
Where "𝒅"  is define as follow  
1. Labeling for vertex  "𝒗" is  𝛼 𝑣 =  𝑛 + 1 𝑑 where 𝑣 ∈ 𝑉 
2. Labeling for vertices 𝛼 𝑢𝑖 = 𝛼 𝑣 + 𝑖𝑑 where 1 ≤ 𝑖 ≤ 𝑛 
3. Labeling for edges  𝛽 𝑣𝑢𝑖 = 𝛼 𝑣 − 𝑖𝑑 where  1 ≤ 𝑖 ≤ 𝑛 
              𝑑 =  
10−1                                            𝑛 = 2
10−2                                   3 < 𝑛 ≤ 9
10−𝑙                            10𝑙−1 ≤ 𝑛 ≤ 𝑎
10− 𝑙+1                 𝑏 ≤ 𝑛 ≤ 10𝑙 − 1
  
If 𝑎 = 3  (10𝑗 − 1)𝑙−1𝑗=0  ,  𝑏 = 3  (10
𝑗 )𝑙−1𝑗=0  and  𝑙 =Total number of digits in  𝑛 (i.e. if 1 ≤ 𝑛 ≤ 9 ⇒ 𝑙 = 1 
or if 10 ≤ 𝑛 ≤ 99 ⇒ 𝑙 = 2 and so on), then 
 
Thus the fuzzy magic constant is  
   𝑚 𝐺 =     𝛼 𝑢 + 𝛽 𝑢𝑣 + 𝛼 𝑣   
To find the magic constant 𝒎 𝑮  one can use   
=  2𝑛 + 2 − 𝑖 𝑑 + 𝛼 𝑣𝑛+1 − 𝑖𝑑 + 𝛼 𝑣𝑛 − 𝑖𝑑 
=  2𝑛 + 2 − 3𝑖 𝑑 +  𝛼 𝑣𝑛+1 + 𝛼 𝑣𝑛  
 
   
  
  
 
Theorem 3: A 
fuzzy Cycle "𝑪𝒏" 
is a fuzzy magic graph. where 𝒏 ≡ 𝟏(𝒎𝒐𝒅𝒆𝟐)  
Proof: Let "𝑪𝒏" is a fuzzy Cycle. Consider 𝑽 =  𝒗𝟏, 𝒗𝟐, 𝒗𝟑, … , 𝒗𝒏  and 𝑬 =  𝒗𝟏𝒗𝟐, 𝒗𝟐𝒗𝟑, 𝒗𝟑𝒗𝟒, … , 𝒗𝒏−𝟏𝒗𝒏, 𝒗𝒏𝒗𝟏  be sets of vertices 
and edges, where   𝑽 = 𝟐𝒎 + 𝟏, ∀ 𝒎 𝝐 𝑵  
   Fuzzy magic labeling for "𝑪𝒏" is defined as follow: 
 
 
 
 
 
 
 
 
 
 
Thus the fuzzy magic constant is 
𝜋 𝐺 = 𝛼 𝑣𝑖 + 𝛽 𝑣𝑖𝑣𝑖+1 + 𝛼 𝑣𝑖+1 , for 1 ≤ 𝑖 ≤ 𝑛 − 1 
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